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CASTELNUOVO-MUMFORD REGULARITY AND COHOMOLOGICAL 

DIMENSION 



O ' MARYAM JAHANGIRI 

(N' 

Abstract. Let R = (B i( zjq R n be a standard graded ring, R + :— (Bi^nRn be the irrelevant 

ideal of R and do be an ideal of Rq. In this paper, as a generalization of the concept 

q^ , of Castelnouvo-Mumford regularity reg(M) of a finitely generated graded i?-module M, 

we define the regularity of M with respect to Oo + R+, say ieg ao+R+ (Al). And we study 

some relations of this new invariant with the classic one. To this end, we need to consider 

the cohomological dimension of some finitely generated i?o-modulcs. Also, we will express 

reg 0o+ o (M) in terms of some invariants of the minimal graded free resolution of M and 

see that in a special case this invariant is independent of the choice of do- 
-(— > ' 



1. Introduction 

> 

Let R = ©ieNo-Rn be a standard graded algebra; so that Rq is a Noetherian ring and R is a 

No-graded i?o- & lgebra which can be generated by finitely many elements of R\. Also, assume 
that M is a finitely generated graded R- module. Then, it is well-known that for all i E No, 
•^ \ H R (M) carries a natural grading and that H l R (M) n = for all n ^> (see [31 chap. 13]). 

An important concept concerning this fact, called Castelnouvo-Mumford regularity of M, is 
defined to be 

re gi?+ (M) := sup{end(H R+ (M)) + i\i G N }, 

where for a graded i?-module X = © iG zA n , end(X) := sup{n e Z|X n ^ 0} with sup{0} := 



^ . 



In addition, according to [10] ([7], [H] or [H]), if (i?o,mo) i s local and Oo is an ideal of 
Rq then H l aQ+R+ (M) n = for all i & No and all n ^> 0. There, they generalized the a*- 
invariants of M, defined by a*(M) := sup{end(H R (M))\i E N }, to the a*-invariants of M 
with respect to a + R+ by a* ao+R+ (M) := sup{end(Hl o+R+ (M))\i G N }(< oo) and showed 
that these two invariants are actually equal, i.e. 

< +R+ (M) = a*(M). 

As a generalization of the concept reg R (M) we define the regularity of M with respect 
to the ideal do + R+ at and above level k(E N ) by 

reg k ao+R+ (M) := sup{end« +ii+ (M)) + i\i > k} 
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(see [6] and |gj) and we set reg ao+R+ (M) := reg° o+i?+ (M). 

Now, in view of the above equality of a*-invariants, it is natural to ask: 
Question 1.1. Does the equality reg ao+R+ (M) = reg R+ (M) hold? 

In Section 2 of this paper we consider this question and show that it is not the case in 
general. However, there are some relations between them in terms of some cohomological 
dimensions (see 12.51 and 12. 111) . Also, using the graded minimal free resolution of M, we show 
that, in a special case, reg ao+R+ (M) is independent of the choice of a (see 12.131) . 

In Section 3, in view of the results in Section 2 concerning relations between cohomological 
dimensions and regularity, we study some cohomological dimension formulas. 

Throughout the paper, unless otherwise stated, R = ®ieN R n will denote a standard 
graded ring, a an ideal of R and M a finitely generated graded -R-module. 

2. Castelnuovo-Mumford regularity 

The following example answer the question 11.11 in a negative way. 

Example 2.1. Let (i? ; m o) be local with d := dim(i? ) > and consider Rq as a graded 
R-module which is concentrated in degree O.Then for all i G No, in view of [3J 13.1.10], we 
have 

U m +R + ( K 0)n - ti moR {K )n - < g^ n ^ 0. 

Which implies that ieg mo+R (Rq) = d. Also, 

rri ( p \ J -^0) i = = n; 
R + [ 0)n \ 0, otherwise. 

Therefore, reg R+ (R ) = < d = reg mQ+R+ (R ). 

Definition 2.2. The arithmetic rank of an ideal a of R, denoted by ara(a), is defined to be 
min{n G No|3xi, ■ • • ,x n G R such that rad(a) = rad((xi, • • ■ ,£„))}. 

Although, according to the above example, reg ao+R+ (M) ^ ieg R+ (M) but we have the 
following relation between them. 

Proposition 2.3. reg ao+R+ (M) < reg H+ (M) + ara(a ). 

Proof. Assume that ara(cio) = t and xi, ■ ■ ■ ,Xt G Ro such that rad(ao) = rad((xi, ■ • • ,x t )). 
We use induction on t. Let t — 1 and x := x\. Then, in view of [31 5.1.22], for all n G Z and 
all i G No there is an exact sequence 

{H R ^{M) x ) n ^^ x) — > Hi +R+ {M) nM — ► H R+ (M) n ^ 

of i?o- m odules. For all n > reg(M) + 1 and all i G No we have H R (M) n _j = = 
(H l R 1 (M) x ) n _i_( i _iy So, the above exact sequence implies that for all n > reg(M) + 1, 
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H i+R+( M )n-i = for all i G N . Therefore reg x+R+ (M) < reg R+ (M) + 1. Which proves the 
claim in the case t = 1. 

Now, the same argument as used above completes the induction. □ 

Definition and Remark 2.4. The cohomological dimension of an R-module X with respect 
to an ideal a of R, which is an important invariant of X, denoted by cd a (X) and is defined 
to be the last integer i for which H l a (X) ^ 0. 

In view of [31 3.3.1], one has cd a (X) < ara(a). 

In the rest of this section we consider two special cases: 

• The case where R = R [xi,- ■ ■ ,x t ] and M = M [x\, • • ■ ,x t }: 

In this subsection we assume that R — Ro[xi, ■ ■ ■ , Xt] is the standard graded polynomial 
ring over a Noetherian ring Rq, Mq is an .Ro-module and M := Mq[xi, ■ ■ ■ , xt] is a polynomial 
module over R which is graded in the usual way. 

The following theorem, in conjunction with its two next results, shows that in order to 
study the regularity of some graded -R-modules with respect to an ideal a + R + it is worth 
to study the cohomological dimension of some of its graded components with respect to do- 

Theorem 2.5. reg ao+R+ (M) = cd ao (M ). 

Proof. Since Xx, • ■ ■ ,x t is a regular sequence on M so, in view of [TJl 3.4] and [3J 2.1.9 and 
13.1.10], for all n G Z there are the following isomorphisms of _Ro- m °dules 



Hi (M) ^lK\H R+ {M) n ), i>t- 



Now, for all i > t, according to [31 12.4.1], one has the following isomorphisms of graded 
.R-modules 

H^ R (H R+ (M)) = H^ R (H R+ (M ix u ■ ■ ■ ,x t })) - H^ R (M [x^ • ■ ■ ,*']) = H£*{M )fo, ■ 

where for an i^Q-rnodule X , Xq[x± , ■ ■ ■ , xj\ denotes the module of inverse polynomials in 
Xi, • • • ,Xt over X ; so that it has a graded -R-module structure such that, for (ii, • • • ,it) G 
(-N) 4 and 1 < s < t, 

f rf-il . . . J'-lJj+lJ'+l ... rr.it r] ^ _1 . 

rr (rpi-i . . . ~U\ — ) x l x s-l x s x s+l x t l s ^ J-i 

Xs[Xl X t)-\ 0, ls = ~l. 

Therefore, for all i > t, if H^\M Q ) ^ then end(H l aQ+R+ (M)) = -t. Which implies that 
reg ao+ * + (M) = cd ao (M ). " i! D 

The following corollary, which is immediate by the above theorem and [31 3.3.1], consider 
a case in which one has equality in 12.31 

Corollary 2.6. Assume that ao is generated by a regular sequence of length n on M . Then, 
re ga +i?+( M ) = ara(a ) = n. 
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Corollary 2.7. Assume that (i?o,trio) is local and M is Cohen- Macaulay. Then 

reg ao+R+ (M) = dim(M ) - inf{* G N„| lim<(-^) ^ 0}. 

V a o j VI o 

Proof. The result follows from Theorem 12.51 and [1, 4.1]. □ 

Corollary 2.8. Assume that Rq contains a field and Oo is an ideal of Rq which can be 
generated by monomials in an Resequence. Then 

^Sa +B.+ ( R ) = P<W-Ro/Oo) = depth( J R ) - depths/do). 

Proof. The claim can be proved using Theorem 12.51 and [T5l 4.3]. □ 

Corollary 2.9. Assume that the base ring (i?o,trio) is local. Then 

re So +-R+(^o) > {dim(M /b M )|bo is an ideal of i? an d rad(do + bo) — m o}- 

Proof. Let b be an ideal of i? sucn that rad(ao + bo) = nx . Then, using [31 6.1.4] and [5] 
2.2], one has 

cd ao (M ) > cd ao (Mo/b Mo) = cd mo (M /b M ) = dim(M/b M ). 

Now, the result follows from Theorem 12.51 □ 

• The case of only one non vanishing local cohomology module: 

Definition 2.10. Following [9], an R-module N is called relative Cohen- Macaulay of rank 
g with respect to an ideal b of R if g = grade b (A r ) = cdb(iV), i.e. Hl(N) ^ if and only if 
i = g. 

The following proposition studies reg„ 0+ D (M) when M is relative Cohen- Macaulay with 
respect to R + . 

Proposition 2.11. Let M be relative Cohen- Macaulay with respect to R + of rank g. Then 

reg ao+R+ (M) = sup{cd ao (^ + (M) n ) + n\n eZ}+g. 

Proof. Consider the Grothendieck spectral sequence E 1 ^ = H\ qR {H r (M)) =>- H l aQ l R (M). 

Since M is relative Cohen-Macaulay with respect to R + of rank g, so H R (M) = 0, for 
all j 7^ g. Therefore, in view of the concept of convergence of spectral sequences, we have 
Hl o+R (M) = for all i < g and there are homogenous isomorphisms 

Kr( H R + (M)) = Elf = E^ = H^ R+ (M) 
of graded R- modules for all ieN . 



CASTELNUOVO-MUMFORD REGULARITY AND COHOMOLOGICAL DIMENSION 5 

So, using [3] 13.1.10], we have 

reg ao+R+ (M) = sup{end« +fl+ (M))H-i|ieN } 

= sup{end« + ^(M)) + i + g\i e N } 
= sup{end« fl (if£ + (M))) +i + ^|iGN } 
= sup{sup{n G Z\Hi (H 9 R+ (M) n ) ^ 0} + i\i G N } + g. 
Now, it is straightforward to see that 

sup{sup{n G Z|#;(#£ + (M) n ) ^ 0} + i|z G N } = sup{cd ao (^ + (M) n ) + n\n G Z}, 
which proves the claim. D 

In Proposition l2.3l we find a general relation between the invariants reg R (M) and reg no+i j (M). 
The following corollary provides another one in a special case. A similar bound was obtained 
in [61 3.4], in the case where R is Cohen-Macaulay. 

Corollary 2.12. Let the situation be as above. Also, assume that the base ring (-Ro; m o) ^s 
local. Then 

(i) reg mo+i?+ (M) = sup{dim flo (if^ + (M) n ) + n\n G Z} + d < dim(i? ) + d, where d := 
dim(M/m M). 

(%%) reg R+ (M) < reg ao+R+ (M) for any ideal a of R . 

Proof. Considering Proposition ^. Ill (i) follows from J2J 2.3] and (ii) follows from the concept 
ofreg fl+ (M). □ 

In the following theorem we are going to express reg ao+R (M) in terms of some invariants 
of the minimal graded free resolution of M. As we will see, in a special case, reg no+iJ+ (M) 
is independent of the choice of a ! 

Theorem 2.13. Let (i?o,tTlo) be local and M and R be relative Cohen-Macaulay with respect 
to R + of the same rank with p := pd R (M) < oo. Also, assume that reg +fl (R) = and let 

-► ®ZxR(4) ^ ©& 1 * «-i) ^ ■ • • ^ ©^(4) ^M-^0 
be the minimal graded free resolution of M. Then 

r eg ao +i? + ( M ) = m % ( _ m ™ a l ~ l ) ■ 
Proof. We use induction on p to prove the claim. If p = then M = ©^ 1 -R(ag). So, 

no ■ no . no . 

r eg ao +i? + ( M ) = in ax(reg ao+i?+ ( J R(a^ ) ))) = reg ao+R+ (R) -mma l = -mina* . 
Now, let p > 0. Then, using [3, 15.2.15(i)], one can see that 
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reg ao+fi+ (ker(d )) < max{reg ao+R+ (©^E(a )),reg ao+R+ (M) + 1} 

no 

= max{reg ao+iJ+ ( J R) - min(a ), reg ao+R+ (M) + 1} 

no 

= max{-min(4),reg ao+i?+ (M) + l} 

< reg ao+H+ (M) + l, (*) 

where the last inequality follows from the second part of the above corollary and [31 15.3.1]. 
On the other hand, in view of facts that ker(d ) 7^ and cdR + {kei(do)) < cd.R + (R) and the 

exact sequence — > ker(do) — > ©^ 1 -R(ag) -4 M — > 0, ker(tio) is relative Cohen- Macaulay 
with respect to R + of the same rank as R. So, using inductive hypothesis, we have 

r ega +i?, + (ker(rf )) = max ( - miW - (i - 1)), 

which in conjunction with (*) implies that 

reg Qo+i j + (M) > maxjmax ( — min a\ — %) , — min Oq} 

p ( n - j -\ 
= max — mm a- — i . 

i=0 v j=l % ' 

Also, by [3, 15.2.15(iv)], 

rega 0+ ij + (M) < max{reg ao+i?+ (©^ lJ R(4)),regi 0+fi+ (ker(rf ))-l} 

no 

< max{reg ao+i?+ ( J R) - rnm(a ), reg ao+K+ (ker(d )) - 1} 

no . p rij. 

= max{— min(aQ),max ( — mina^ — (i — 1)) — 1} 

i=l i=l j=l 

< max — mm a J - —i\. 

i=0 v j=l % ' 

Now, the result follows by induction. D 

3. COHOMOLOGICAL DIMENSION 

As we have seen in Section 2, in order to calculate the regularity of a finitely generated 
graded module over some standard graded ring with respect to an ideal containing the 
irrelevant ideal, we need to calculate some cohomological dimensions. In this section, we are 
going to study this invariant in some cases. 

Definition 3.1. Let (R, m) be a local ring of positive characteristic p. Also, assume that 
for all s G N, F s denotes the R-homomorphism induced by the s-th power of frobenius 
homomorphism f s : R — )■ R (r — )• r pS ) on H^(R) (so, it is a homomorphism of abelian 
groups such that f(rx) = r pS x for all r G R and all x G H l m (R)). Then, following [llj, the 
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F-depth of R is defined to be the smallest i such that F s does not send H* n (R) to zero for 
any s. We denote this number by F-depthL(-R). 

Let (R, m) be a regular local ring of positive characteristic and o be an ideal of R. Then, in 
view of JTTJ Theorem 4.3], we have cd Q (i?) = dim(i?)— F-depth L (R/a). So, the cohomological 
dimension may differ depending on the characteristic of the ring, for an example see Section 
5 of [1 lj . In the next theorem we are going to generalize this result to some special ideals in 
a Cohen-Macaulay local ring of positive characteristic. 

Lemma 3.2. Let <p : (R,xh) — > (R, m) be a flat homomorphism of local rings of positive 
characteristic for which 0(m) = m. Then F-deptliL(-R) = F-deptliL(-R). 

Proof. In view of the flat base change theorem [31 4.3.2], we have the following commutative 
diagram where the vertical homomorphisms are isomorphisms: 

Hi{R)^Hi{R) 

R 



H R 



•R 



HUR) — H* n (R) 

Now, the result follows using the concept of F-depth. □ 

Remark 3.3. (An analogue of Noether normalization) Let (R, m) be a Cohen-Macaulay local 
ring of positive characteristic p and R denote the m-adic completion of R. Then, in view of 
[H A 20], R contains a coefficient field k. Also,using [U A 22], for any system of parameters 
Vii • • • j Vd of R, R is a finite module over the regular local ring k[[yi, • • • , yd]] ■ 

Theorem 3.4. Let (R, m) be a Cohen-Macaulay local ring of positive characteristic p and a 
be an ideal of R which can be generated by elements in k[y\, ■ ■ ■ ,ya] for a system of parameters 
Vii • • • iDd of R and a coefficient field k C R. Then cd a (i?) = dim(i?) — F-depth L (-R/a). 

Proof. Since cd (i?) = cd a ^(i?), in view of the previous lemma and replacing R with R, we 
may assume, in addition, that R is a complete local ring. Now, using the above remark, R is a 
finite module over the regular local ring R := k[[yi, • • • , yd]] under the natural homomorphism 
if : R — >■ R. In view of these facts and [U 1.2.26(b)] we have 

oo > pd A (R) = dim(R) - depth^i?) = dim(R) - depth R (R) = 0. 

Therefore, R is a free .R-module. Which implies that tp is a faithfully flat homomorphism. 
Also, by the assumption on a we have (a fl R)R = a. So, the natural homomorphism 
-^ — > ~, induced by ip, is faithfully flat. Now, using the previous lemma, one has 

F-depth L ( J R/a D R) = F-depth L ( J R/a). 
Again, using the faithful flatness of tp, and in view of [HI Theorem 4.3], we have 
dim( J R)-F-depth L ( J R/a) = dim( J R)-F-depth L (i?/ani?) = cd anA (R) = cd {anA)R (R® A R) = cd a (R). 
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□ 

The following corollary is a consequence of [Hi Theorem 4.3] and theorems 13.41 and 12.51 

Corollary 3.5. Let S = R[Xi,--- ,X n ] be the standard graded polynomial ring over R. 
Then reg a+s+ (S) = dim(i?) — F-depth L (R/a) in each of the following cases 

(i) R is a regular ring of positive characteristic and a is an ideal of R, 



(ii) R and a be as in Theorera \3.J^ . 
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